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ON LOG K-STABILITY FOR ASYMPTOTICALLY LOG 

FANO VARIETIES 

KENTO FUJITA 


Abstract. The notion of asymptotically log Fano varieties was 
given by Cheltsov and Rubinstein. We show that, if an asymptot¬ 
ically log Fano variety {X, D) satisfies that D is irreducible and 
—Kx — D \s big, then X does not admit Kahler-Einstein edge 
metrics with angle 27r/3 along D for any sufficiently small positive 
rational number /3. This gives an affirmative answer to a conjecture 
of Cheltsov and Rubinstein. 
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1. Introduction 

The purpose of this article is to give a simple necessary criterion for 
log K-stability of ((X, D), —Kx — (1 —/5)L*) with cone angle 271(5 in the 
sense of |OSll] . where X is projective log terminal and D is a reduced 
Weil divisor with —Kx — (1 — (5)0 ample. The motivation comes from 
a recent preprint of Cheltsov and Rubinstein |CR15] . who treated the 
case that the dimension of X is equal to two. In this article, we show 
the following result. 

Theorem 1.1 (=Theorem 13.Qh . Let X be a normal projective variety 
which is log terminal, D be a nonzero reduced Weil divisor on X which 
is Q-Cartier, and 0 < (3 < 1 be a rational number. Assume that the 
pair (X, {1—(3)D) is dlt, —Kx — {l—/3)D is ample, and ((X, D), —Kx — 
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{1 — (3)D) is log K-stahle {resp. log K-semistable) with cone angle 271(3. 
Then we have rip{D) > 0 {resp. > 0), where 

poo 

ri 0 {D) -.= I3-yo\x{-Kx-{1-I3)D)- / yo\x{-Kx-{ 1-l3 + x)D)dx. 

Jo 

Note that volx is the volume function {see |Lazn4] ). 

Theorem 11.11 immediately gives the following corollary. 

Corollary 1.2 (see Corollary 13.lip . Let X be a smooth projective va¬ 
riety and D be a nonzero reduced simple normal crossing divisor on X. 
Assume that —Kx — (1 — (3)D is ample for any 0 < (3 1 and the 

divisor —Kx — D is big. Then ((X, H), —Kx — (1 — (3)D) is not log 
K-semistable with cone angle 27i/3 for any 0 < /3 -C 1 with /5 G Q. In 
particular, X does not admit Kabler-Einstein edge metrics with angle 
271/3 along D for any 0 < /3 1 with /3 G Q. 

Corollary 1 1.21 gives an affirmative answer for a conjecture of Cheltsov 
and Rubinstein for asymptotically log Fano varieties |CR13j with irre¬ 
ducible boundaries in any dimension. Although the following corollary 
is a special case of Corollary 11.21 we state the assertion for the readers’ 
convenience. 

Corollary 1.3 (see |CR131 Conjecture 1.11 (i)]). Let {X,D) he an 
asymptotically log Fano variety with D irreducible, that is, X is a 
smooth projective variety and D is a smooth irreducible divisor on X 
such that —Kx — {I — /3)D is ample for any 0 < (3 ^ 1. If the divisor 
—Kx — D is big, then X does not admit Kdhler-Einstein edge metrics 
with angle 27i(3 along D for any 0 < (3 1 with /3 G Q. 

Remark 1.4. In [CR151 Theorem 1.6] (see also [CR151 Conjecture 
1.5]), Cheltsov and Rubinstein proved Corollary 11.31 in dimension two 
by using a construction of flops on the deformation to the normal cone. 

The strategy for the proof of Theorem 11.11 is essentially same as the 
strategy in |Fu.il5| - We consider a kind of “log-version” of divisorial 
stability along D in the sense of |Fujl5| . We construct a specihc log 
semi test conhguration from certain section ring (see Remark 13.31) and 
calculate its log Donaldson-Futaki invariant explicitly by using the the¬ 
ory of “geography of models” (see Theorem 13.4p . 
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A variety stands for a reduced, irreducible, separated and of hnite 
type scheme over the complex number field C. For the theory of min¬ 
imal model program, we refer the readers to [KM98] . For any Weil 
divisor E on a. normal variety X, the divisorial sheaf on X is denoted 
by Ox{E). More precisely, the section F(f/, Ox{E)) on any open sub¬ 
scheme U <Z X is given by the following: 

{/eC(X)| div(/)|f; + E|f;>0}, 

where C(Y) is the function field of X. 

For varieties Xi and X 2 , let p*: Xi x X 2 —)■ W (i = 1, 2) be the 
projection morphisms. 


2. Log K-stability 

We recall the definition of log K-stability. 

Definition 2.1 (see |OSllj L Let X be an u-dimensional normal pro¬ 
jective variety, L be an ample line bundle on X, and D be a reduced 
Weil divisor on X. 

(1) A coherent ideal sheaf X C OxxAj is said to be a flag ideal if X 
is of the form 

X = Im + + • ■ ■ + ^ + (t^) C OxxAfl 

where Im ^ ^ h ^ Ox is a sequence of coherent ideal 

sheaves of X. 

(2) Let m G Z>o, and let X C Oxxa^ be a flag ideal. A log semi test 
configuration ((A, X>), Al)/A^ of ((X, D), X®™') obtained by X 
is given from the following data: 

• n: A —)■ X X is the blowing up along X, X C A is given 

by the blowing up of X x A^ along XIjjxag and X C A is 
the Cartier divisor dehned by Ox{—E) = X ■ Ox, 

• Ad is the line bundle on A dehned by Ad := ® 

Ox{-E), 

such that we require the following: 

• X is not of the form (t^), and 

• Ad is semiample over A^. 

(3) Assume that ((A,X), Ad)/A^ is a log semi test conhguration 
of ((X, X), obtained by X. Then the multiplicative group 
Gm naturally acts on (A,Ad) and (X,Ad|x)). For k G Z>o, 
let w{k) be the total weight of Gm-action on X°(Ao, Ad^^l^’o) 
and w{k) be the total weight of G^-action on X°(Xo, Ad^^l^o), 
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where Xq <Z X and Vq G V are the scheme-theoretic hbers at 
0 G A^, respectively. It is known that, for fc 3> 0, w{k) (resp. 
w{k)) is a polynomial function of degree at most n X 1 (resp. 
n). For fc 0, we set 


xA.i®"*) 

= ao^ + air-^ + 0(r-2). 


= aor-^ + o(r-2). 

w{k) 


w{k) 

= hk^+ +0{k^-^). 


For any (3 G [0,1], we set the log Donalds on-Futaki invariant 
DF^((A’,P), Al) with cone angle 27i(3 as 

DF/3((A’, D),A4) := 2(6oai — ^lOo) + (1 ~ l3){aobo — &o®o)- 

(4) Let fd G [0,1]. ((X, D), L) is said to be log K-stable (resp. log K- 
semistable) with cone angle 27i(3 if DF^((A’, F>), Al) > 0 (resp. 
> 0) holds for any m G Z>o, for any flag ideal X, and for any 
log semi test conhguration {{X,V), M .)/of ((X, 
obtained by X. For an ample Q-divisor A on X, ((X, D), A) is 
said to be log K-stable (resp. log K-semistable) with cone angle 
271 (3 if ((X, D), OxiaA)) is so for some a G Z>o with aA Cartier 
(this dehnition does not depend on the choice of a). 

The following theorem is important. 

Theorem 2.2 (see |Berl21 ICR151 lOSllj ). Let X be a smooth projec¬ 
tive variety, D be a reduced simple normal crossing divisor on X, and 
let (3 G [0,1] n Q. Assume that —Kx — (1 — (3)D is ample and X 
admits Kabler-Einstein edge metrics with angle 271 (3 along D. Then 
((X, D), —Kx — (1 — fd)D) is log K-semistable with cone angle 27i(3. 


3. Constructing log semi test gonfigurations 


In this section, from a pair (X, H), we construct a specihc log semi 
test conhguration via D. The construction is essentially in the same 
way as in |Fujl5 


]3]. We hx the following condition: 


Assumption 3.1. Let X be an n-dimensional normal projective va¬ 
riety which is log terminal, X is a nonzero reduced Weil divisor on 
X which is Q-Cartier, and (3 G [0,1] fl Q. Assume that the pair 
(X, (1 — (3)D) is dlt and —Kx — (1 — I3)D is ample. 


Definition 3.2. Under Assumption 13.11 we set 

t{D) ■= sup{r G M>o | - Kx -tD big}, 

TgiD) := sup{r G M>o | - Kx - (I- l3 + t)D big}. 












ON LOG K-STABILITY FOR ASYMPTOTICALLY LOG FANO VARIETIES 5 


It is obvious that Tp{D) = t{D) — (1 — (3). We remark that t(-D) > 1 
holds if and only if the divisor —Kx — D is big. 

Remark 3.3. By |BCHM10| Corollary 1.1.9], the C-algebra 
0 H<\X,Oxm-Kx-(.l-l3)D)-]D\)) 

kG^>Q 

j&>Q 

is hnitely generated, where \_k{—Kx — (1 — (3)D) — jD\ is the biggest 
Z-divisor which is contained by k{—Kx — (1 — /3)D) — jD. We note 
that H^{X,Ox{[k{-Kx-{I-P)D)-jD\)) = 0 if j > kTp{D). Thus, 
there exists r G Z>o such that 

• Lji := r{—Kx — (1 — (3)D) is Cartier, and 

• the C-algebra 

0 H°(X,Ox(kLp-jD)) 

j£[0,krTp{D)]nZ 

is generated by 

0 H«(X,Ox(L^-jD)). 

jG[0,rT^(D)]nZ 

From now on, we £x such r (and L^). 

Theorem 3.4 f [KKL12l Theorem 4.2]). Under Assumption \3.1[ there 
exist 

• a sequence of rational numbers 

0 = Tq<Ti <■■■ <Tm = rp{D), 

• normal projective varieties Xi,..., such that Xi = X, and 

• mutually distinct birational contraction maps fi : X —^ Xi with 
01 = idjf (1 < i < m) 

such that the following hold: 

• for any x G [ri_i,rj], 0* is a semiample model {see |KKL12( 
Dehnition 2.3]) of —Kx — (1 — 0 -|- x)D, and 

• if X E {Ti-i,Ti), then 0* is the ample model {see |KKL121 Deh¬ 
nition 2.3]) of —Kx — (1 — 0 -|- x)D. 

Proof. By [BCHMlOl Corollary 1.4.3], there exists a projective bira¬ 
tional morphism a\ X ^ X such that a is an isomorphism in codi- 
rnension one and X is Q-factorial. Let D be the strict transform of D on 
X. A semiample model (resp. the ample model) of —— (1 — 0-|-x)D 
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is a semiample model (resp. the ample model) of —Kx — (1 — /? + x)D. 
Moreover, the C-algebra 

0 H0(X,Oxm-Kx - (1 - P)D)-3DI)) 

is equal to the C-algebra 


0 H0(X,Oxm-Kx - (1 - P)D) - ]£>})). 


Thus we can apply |KKL12 


Theorem 4.2], 


□ 


We construct a log semi test conhguration of ((X, D), Ox{Lp)) from 
D. For any j G [0, rra(Zi))] fl Z, we set 

I, := Image(W° (X, Ox{Lp - jD)) Ox{-Lp) ^ Ox), 

where the homomorphism is the evaluation. Note that, for any j G 
[O,rT 0 {D)] nZ, Ij C Ox{-jD) and 


0 C Irrp(D) C ■ ■ ■ C Jl C Jo = Ox 
hold. For k G Z>o and j G [0, A;rra(Zi))] n Z, we dehne 


iiH— \-jk=jj 
jl,...,jk^[0,rTp{D)]nZ 


Lemma 3.5 (see |Fujl5[ Lemma 3.3]). The J(k,j) C Ox is equal to 
Image(W° (X, Ox{kLf, - jD)) Ox{-kLp) ^ Ox). 

In partieular, we have 

(X, OxikLp - jD)) = (X, Ox{kLp) ■ . 

Proof. Set 

Vk,j :=H%X, Ox{kLfi-jD)) 

for simplicity. We remark that, by the choice of r G Z>o, the homo¬ 
morphism 


© 


Ciji ®c ■ ■ ■ ©c ^i,jk 


iiH— 

il,---JfeG[0,»'r;3(D)]nZ 

is surjective. For any 1 < i < fc, the ideal sheaf is nothing but 

Image (Fiji ®c Ox{—Lp) —)■ Ox). 

Thus the assertion follows. □ 








ON LOG K-STABILITY FOR ASYMPTOTICALLY LOG FANO VARIETIES 7 


Set the flag ideal X such that 

X := Irr . iD ) + Irr ,( D )- lt ^ + ' ' ' + C 

For any k G X>o, we have 
X" = J^kMr.m + J(kMr,{D)-l)t^ + ■ ■ ■ + 

by the construction of J{k,j)- Let 11: fh —)■ X x be the blowing up 
along X and let A C <F be the Cartier divisor given by the equation 
Ox{-E) = X-Ox. Set Cp := Wp\Ox{Lp)®Ox{-E). Let V ^ Dxh} 
be the blowing up along Xj^ixAi- We note that Xj/^xAi = C 

Odxk^ since Ij C Ox{—jD) C Ox{—D) for any j > 0. In particular, 
V D X holds. 


Lemma 3.6 (see [FujlSI , Lemma 3.4]). {{X,V), Cp)/is a log semi 
test configuration of ((X, D), Lp). 


Proof. Set a := p 2 ° If; X —)■ A^. It is enough to check that Cp is 
a-semiample. By Lemma [3.51 the homomorphism 


H^{X, Ox{kLp) ■ J{k,j)) ®c Ox Ox{kLp) ■ J(k,j) 

is surjective for any k G Z>o and j G [0, krTp{D)\ fl Z. Thus 

{X X A\plOx{kLp) ■ X'^) Oc[t] C^axai ^ p\Ox{kLp) ■ X'^ 
is surjective for any k G Z>o- From |Laz04[ Lemma 5.4.24], we have 
a*aXf ^ Il\p2y{P2)MOx{kLp)-X'^) 

= n* {H^ {X X A\p\Ox{kLp)-X'^) ®c[i] OvxaO 
^ IP {plOx{kLp)-X^) 

^ Il*p\Ox{kLp) ® Ox{-kE) = Cf 

for A; S> 0. □ 


Definition 3.7. We say the log semi test configuration ((X, X), Cp)/A^ 
the basic log semi test configuration of {{X, D),Ox{Lp)) via D. 


Now we calculate the log Donaldson-Futaki invariant of the basic log 
semi test configuration {{X,V), Cp)/A^ of {{X, D),Ox{Lp)) via X. By 
the asymptotic Riemann-Roch theorem, we have 

(XX) (Ly-X-Kx) „ {L-y-^-D) 


Oq — 


n\ 


ai = 


ao — 


2-(n-l)l ’ (n-1)! 

(We follow the notation in Definition 12.11 ) By |Odkl3[ §3], 


w(k) 


/ NyXxAfip^OxikLp)) \ 
™ [ho(X X A\p*Ox(kLp)-XyJ 
-krTp(D) ■ h°(X, Ox(kLp)) + v(k), 
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where 

krTp(D) 

v{k):= h\X,Ox{kLf,-3D)). 

j=i 

By the same argument, 

H\D X k\p\Ox{kLp)\D) _\ 


w{k) = 


dim 


H%D X A\plOx{kLp)\D ■ 

= -kTT^{D)-h\D,Ox{kLp)\D). 


Thus 


bn — 


-rr. 


AD) 


(LT^ 


D) 


{n — 1)! 

We set v{k) = ^-vik"^+ 0{k'^~^). We calculate the values vq and 

Vi- Let j and Di be the divisors on Xj which are the push-forwards 
of Ljs and D, respectively. For fc S> 0 sufficiently divisible, by |KKL12l 
Remark 2.4 (i)] and [FujlSI, Proposition 4.1], v{k) is equal to 


m kvTi 

^ h'>{X,,Ox,(kLf,-jDi)) 

i=l j=krTi—\-\-l 

= — n\ — / iiA/AL^,i-xDiyAdx 

i=i ■ Di-i 

~AAAy.[‘ + ^•'>'1A 

+0(r-i). 

This implies that 

„n+l Jki „T-. 

W = / {{A/r)Lp^i- xDiYAdx, 

i=l "'n-i 
_„n ™- rn 

^ 2 . fa- 11 ! ^ / {{A/r)Lp^i-xDiy^~D(Kx^+Di))dx. 

1 k i=i dn-i 

Thus we have 

DF^((X,P),£^) 

= 2(noai - vitto) + (1 - /3)(aofa - (^>0 - rT^{D)ao)do) 

fl • (Zj ^ P'^i 

= , , / Y ((-*X - (1 - ■ A) dx. 

fad dri_i 
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Lemma 3.8 (cf. |Fujl5 Theorem 5.2]). We have 


lit /* 7 ” ‘ 

r]l 3 {D) = ^ -x) {{-Kxi - (1 - /3 + x)Di)"^~^ ■ A) dx. 

i=l Jn-i 

Proof. By |KKL12| Remark 2.4 (i)], we have 

yo\x{-Kx - (1 - + x)D) = {{-Kx^ - (1 - /? + x) A)'") 

for any x G [rj_i,rj]. From partial integration, we have 

m 

R - (1 - /^ + x) A)'""^ ■ A) dx 

i=i Jn-i 


= (^)^^^x{.-Kx-{l-(d + x)D)Y;, 

i=l 


’ n-i 


yo\x{,-Kx -{1-13 + x)D)dx^ = VpiD). 


We remark that vo\x(^—Kx — (1 — /9 + x)D) = 0 if x > Tii{D). 
Therefore we have obtained the following. 


□ 


Theorem 3.9. Under Assumption \S.1[ assume that {{X, D), —Kx — 
{1 — (3)D) is log K-stahle {resp. log K-semistahle) with cone angle 27i(3. 
Then ppi^D) > 0 (resp. > 0) holds. 


Remark 3.10. If /9 = 1, then the valne pi{D) is noting bnt the valne 
in |Fnjl5[ Dehnition 1.1]. 


Corollary 3.11. Let X be a normal projective variety which is log 
terminal, D is a nonzero reduced Weil divisor on X which is Q-Cartier. 
Assume that (X, (1 — (3)D) is kit and —Kx — (1 — (3)D is ample for 
any 0 < /5 1. Moreover, we assume that —Kx — D is big. Then for 

any 0 < /5 -C 1 rational number, ((X, D), —Kx — (1 — I3)D) is not log 
K-semistable with cone angle 27i(3. 


Proof. We have ppi^D) = rj^i^Y) — 7]_, where 


? 7 +A) := /3 ■volxi.-Kx - (,l -/3)D) - yoIx(,-Kx - xD)dx, 




ri_ : = 


vo\x{—Kx — xD)dx. 


If —Kx — D is big, then > 0. On the other hand, lim^_j.o ?7+(/5) is 
eqnal to zero. Thns the assertion follows from Theorem 13.91 □ 


Corollary 11.21 is immediately obtained from Theorem 12.21 and Corol¬ 
lary [3Tll 
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4. Examples 


We see some examples. 

Example 4.1. Let X be an n-dimensional Fano manifold, and let D 
be a smooth divisor on X with —Kx ~iq ID for some I G [1, n + 1] fl Q. 
Then —Kx — (1 — f3)D is ample for any /3 G (0,1]. In this case, we 
have 



If (3 < {I — l)/n, then r]p{D) < 0 holds. 

Remark 4.2. In Example 14.11 if H ~ —Kx (i.e., I = 1), then rip{D) > 
0 for any (3 G (0,1]. Tims onr argnment does not give any destabilizing 
information in this case. Compare with [CR151 §6]. 

Example 4.3. Let Y := Ppi((9pi © (9pi(l)), C be a section of the P^- 
bnndle E/P^ with (C'^) = 1, vr: X —>■ E be the blowing np along p eY 
with p E C, Ehe the exceptional divisor of tt, and set D := 7i~^C. Then 
— Kx — {f—(3)D is ample for any {3 E (0,1]. (The pair (X, D) is nothing 
bnt [CR131 (I8B.1)].) In this case, Ti = /3, X 2 = E, T 2 = = 1 + 13 


and 



Thns rjisiD) = 2{[3‘^ — 2/3). For example, if we set [3 := 1/2, then 
Vi+iD) < 0 holds. In this case {(3 = 1/2), we can check that r := 2 
satisfies the condition in Remark 13.31 and the corresponding flag ideal 
X is of the form 


X = Ox{-SD - 2E) + Ox{-2D - E)t^ + Ox{-D)t‘^ + (f^). 
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